Using the appropriate representation of the Poincaré group and a definition of minimal coupling, we discuss some aspects of the electromagnetic interactions of charged anyons. In a nonrelativistic expansion, we derive a Schrödinger-type equation for the anyon wave function which includes spin-magnetic field and spin-orbit couplings. In particular, the gyromagnetic ratio for charged anyons is shown to be 2; this last result is essentially a reflection of the fact that the spin is parallel to the momentum in (2+1) dimensions.
In two spatial dimensions, it has been known for some time, that one has the intriguing possibility of anyons or particles of arbitrary spin and statistics 1 . They may also be important in some physical situations. For example, the quasiparticles relevant to the understanding of fractional quantum Hall effect are considered to be anyons 2 . In this paper, we study some aspects of the electromagnetic interactions of anyons, in particular the gyromagnetic ratio and spin-orbit couplings.
There are many ways of constructing theories containing anyonic excitations. One of the most popular ways is to start with a theory of bosons or fermions and then couple these particles minimally to a U(1) gauge field, the so-called statistical field, whose dynamics is governed by the Chern-Simons action. The elimination of the gauge field then leads to a redefinition of one-particle states. The spin of the redefined one-particle states is not necessarily an integer or half-integer; it is a value determined by the coupling to the gauge field 3 . Simple as this procedure is, it is not the most economical or minimal way to understand anyons. As in discussions of point-particles in (3+1)-dimensional quantum mechanics, one can define one-anyon states as a unitary representation of the relevant operator algebra, viz. the (2+1)-dimensional Poincaré algebra 4, 5 and a corresponding spin-orbit coupling. In particular the gyromagnetic ratio is 2. In this paper, we shall not use the covariant wave equation mentioned above. Instead we shall use the canonical or symplectic framework for the induced representation of Poincaré group appropriate to anyons 5, 6 . We give a definition of minimal coupling of the electromagnetic field to anyons in the language of symplectic or canonical structure and then obtain the improved Schrödinger equation. In particular, we show that the gyromagnetic ratio g is 2 for anyons as well and there are the corresponding spin-magnetic field and spin-orbit couplings. We emphasize that these results only depend on symmetry and our definition of minimal coupling. They are universal, independent of any model for the realization of anyonic excitations. In (2+1) dimensions, the spin is parallel to the momentum, and as we argue below (after equation (19)), this is really all we need to show that g = 2.
We shall begin with a discussion of a spinless charged particle in an electromagnetic field. A spinless particle may be described by a set of momentum variables p a and position variables x a , a = 0, 1, 2. The canonical structure or symplectic two-form is given by
where 
A a is the electromagnetic field strength and e is the charge of the particle.
The motion of the charged particle is given by the (classical) Lorentz equations, viz.
τ is the parameter for the trajectory of the particle (with mass m). We have chosen a specific parametrization or equivalently chosen a gauge-fixing for the gauge freedom of reparametrizations of the trajectory and so the equations (2) are not invariant under reparametrizations. Equations (2) tell us that the infinitesimal change of τ is given, on the phase space, by a vector field
The canonical generator of τ -evolution, say G 0 , is defined by
Anticipating the eventual value of the constant, we choose it to be m/2. (In a sense, this will be the definition of the mass.) Thus
Since we need reparametrization invariance, τ -evolution must be trivial. Thus we must set G 0 ≈ 0. In the quantum theory we write
From
where the metric g ab = diag(+ − −). This gives the commutation rules
These have the solutions
and equation (6) becomes
This is the Schrödinger equation (in this case, the Klein-Gordon equation) which we are seeking. One can easily show that the Lorentz equations (2) are quantum mechanically realized through the Heisenberg equations of motion
with the commutation rules (8) .
The strategy of obtaining the Schrödinger-type equation is now clear. We start with the symplectic two-form. From the Lorentz equations we find the generator of τ -evolution.
Setting this generator to zero on the wave functions gives us the equation we are seeking.
To realize this as a differential equation we solve the commutation rules in terms of a set of coordinates and their derivatives (namely, canonical variables or Darboux coordinates).
For a free anyon with spin −s, the symplectic structure is given by 5, 6 ω = dx a ∧ dp a + 1 2 s abc p a dp b ∧ dp
The commutation rules are given by
Consider the Lorentz generator J a defined by
It is easy to see that J a is given by
We can solve the commutation rules (13) in terms of canonical variables as
where
Using equation (16) for x a in equation (15), we can write
We see that p · J + s p 2 = 0. With p 2 = m 2 , we see that the spin is indeed −s. Thus the symplectic structure ω of equation (12) is indeed appropriate to anyon.
The symplectic structure Ω for anyons in an electromagnetic field is now obtained by
s abc p a dp b ∧ dp
With the introduction of spin it is possible that Ω has further corrections depending on the gradients of the field strength F . This is indicated by O(∂F ) in equation (18). To the approximation that we are interested in, these terms will not be important. Likewise, we take the equations of motion to be
i.e. we have the Lorentz equations, again upto possible terms which depend on gradients of F . We can now determine the vector field of τ -evolution and proceed to obtain a wave equation. However, before doing so, we point out that already one can see that the gyromagnetic ratio must be 2. For this, consider the precession equation for the spin vector S a in an external electromagnetic field. It is given by the Bargmann-Michel-Telegdi (BMT) equation
The BMT-equation only requires the constancy of p · S, at least to the order in (F, ∂F ) that we are interested in; thus it is true for anyons as well. If one uses the equations of motion (19), we get
For a free anyon, the spin vector is parallel to the momentum; indeed, from (15), we have
. With electromagnetic fields, we expect
Using the Lorentz equations (19), we thus get
Comparing with equation (21), we see that we must have g = 2. The simple physical reason for this result is that, in (2+1) dimensions, spin and momentum are parallel, with corrections perhaps of order F .
We now turn to the wave equation. The vector field of τ -evolution is given by V of equation (3) with possible O(∂F ) corrections. The generator of τ -evolution, G, defined by −dG = V Ω, is identified from equation (18) as
where F ab = abc F c . In this calculation we have neglected the gradients of F ; otherwise the vector field V is not Hamiltonian, i.e. V Ω is not the derivative of some function G. More generally one can introduce corrections to V so that it becomes Hamiltonian; in general one has to modify Ω as well. Although we shall not pursue this, in fact, one can do a systematic expansion in powers of ∂F and higher derivatives, zigzagging between corrections in V and corrections in Ω. Notice however that our expression for G is correct to the first order in the spin s even for a nonuniform field. In this case, the equation for p a has a correction term (−es/m)
, which is precisely the extra force on a dipole of magnetic moment µ = es/m, which corresponds again to a gyromagnetic ratio 2. In fact, one can turn this argument around by introducing an arbitrary magnetic moment and the corresponding force in a nonuniform field; then the requirement that the corresponding vector field V be Hamiltonian will lead us to g = 2.
The wave functions obey the equation
We need to simplify the commutation rules in order to write this as a differential equation.
Ω gives the commutation rules as
It is, of course, very difficult to solve these equations in general. We shall solve (26) in terms of a series in powers of F . To the lowest nontrivial order, which is all we need for the discussion of magnetic moments and spin-orbit couplings, equation (26) becomes
Notice that, to the order we are considering, there is no ordering problem in the commutation rules. We shall now solve these in terms of coordinates q a and momenta k a as follows.
and α a (k) is given by equation (16). Notice that x a and p a in equation (28) are clearly hermitian operators. One can also verify that the Lorentz equations (19) are realized in the quantum theory as Heisenberg equations of motion by using (24), (27) and (28).
The quantity − 
We can further simplify this equation as
We can now obtain the nonrelativistic equation by writing the wave function ψ in terms of the nonrelativistic wave function ψ NR as
This gives k 0 = m + H where H is the operator i ∂ ∂q 0 on ψ NR . One can take H to be small compared to m and expand (31) to first order in H. We then find
Further, we see that in our approximation
Equation (33) then becomes
It should be noted that, in our weak field approximation, we have
from equation (29). Thus k 0 is indeed the time-translation operator and so
Since F 0 is the magnetic field, we see from equation (35) that the anyon has a magnetic moment µ given by
In other words, we see again that the gyromagnetic ratio g is 2. The term 
